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In this paper we compute orbital integrals occurring in the Selberg trace formula 
for SL(3, Z)\SL(3, Iw)/S0(3, [w) which are associated to unipotent elements of 
SL(3, Z). An effort is made to reduce the truncated integrals to the lower rank case 
whenever possible because this phenomenon will cause badly divergent parts of the 
formula to disappear later. Those integrals which do not reduce to a lower rank 
case are also described. ‘c’ 1989 Academic Press, Inc. 
It is our aim in this paper to compute the minimal parabolic term for the 
Selberg trace formula for SL(3,Z)\SL(3, R)/S0(3, R). Much work has 
been done on this case already, and the reader is invited to check Arthur 
[ 11, Wallace [9, lo], and Venkov [IS] for more information. In addition 
to these, a trace formula has been completely worked out for the case of 
several copies of X(2, R) and can be found in Efrat [2]. Last, any 
explanation of the SL(2, R) case can be found in Selberg [6] or Hejhal 
[3,4]. Descriptions of elements in SL(3, Z) are in Terras [7]. 
The trace formula for SL(3, Z)\SL(3, R)/S0(3, R) will contain a term 
which sums over minimal parabolic elements of SL(3, Z). These elements 
are all conjugate to something of the form 
and are the unipotent elements of X(3, Z). 
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2 D. I. WALLACE 
Let Z E SL(3, R)/SO(3, R). The minimal parabolic term of the trace for- 
mula is obtained by considering a function f(z) E C,.(SL(3, R)/SO(3, R)) 
and averaging it over y E SL(3, i7) as a convolution kernel, i.e., 
K(z, u’) = 
j.eSL(3. Q) 
K is well defined because f has compact support. The term which appears 
in the trace formula is 
s K(z-'yz)d(z), (1) .F 
where 9 is the fundamental region for the action of f = SL(3, Z) and 
&(z) is the Haar measure on the symmetric space H = X(3, R)/(SO(3, 58). 
In addition we assume f is SO(3, R) bi-invariant, for ease of computation. 
Interchanging the summation and integration we have that (1) is equal to 
For the remainder of this paper we will consider only those y which are 
minimal parabolics, so we write 
Exactly as in the X(2, R) case we sum over one representative of each 
conjugacy class. The same trick used in the SL(2, R) case (see Hejhal [4]) 
works here to give 
where 9* is a fundamental domain for the centralizer of y in SL(3, Z). 
The conjugacy classes of elements break into three cases. Case I consists 
of those elements with all eigenvalues equal to 1 and neither a nor c=O. 
Case II consists of elements with all eigenvalues equal to 1 but either u or 
c = 0. Case III consists of the elements with two eigenvalues of - 1. 
In order to make our computation more tractable we write f(= ‘w) as 
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a point pair invariant of a specific form. If we expand the expression zP lw 
we have 
where 
w=(; 1 “::)(; I */a!a] 
X,(z, M’) X&, M’) 
)( 
Y,(,-, w) 0 
X,(z, w) 0 Y,(z, w) 
1 0 0 
Y,(z, w)=?, 
I 
YJZ, w) = 3, 
Y2 
X1(& w)=f (b,-x,1, 
X2(Z) w) = - l (62-.Y,b,-x,+x,x,), 
YfY2 
X,(z, w) = 
0 
0 , 
l/Y, y2 > 
(2) 
A function #(z, w) = b( Y,, Y,, X,, X,, X,) is almost a point pair invariant 
because it has the property that &a~, aw) = #(z, w) although it may not be 
true that Ql(z, w) = Q(w, z). 
For the situation of f(z ‘- ‘yz) where 
these become 
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Y,(z, YZ) = 1, 
Y,(z, YZ) = 1, 
X,(z, yz)=$. 
I 
(3) 
X,(z, yz) = -5 
YiY? 
X2(.& YZ) = -j-& (axj-cx, +b). 
I 
Case I. Let x, y, 2, a, b, c E Z. Suppose a = dd and c = Cd where d E Z 
and (ii, F)= 1. If 
commutes with y then xc=az, or .X=&I and Z= En. So the centralizer of 
y consists of elements of the form 
It is easy to see that a fundamental region for the action of this group is 
given by 
o<y,<m 
o<y,<al 
O<x2<f 
o<x, <ii 
-03<<x~<m, 
where 
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The invariant measure associated with these variables is d-y, dy2 dx, dxz 
dx,ly: Y:. 
Furthermore, inspection of the equations (3) with y,, y, = + 1 and 
integer entries for xi and x3 shows that representatives for the conjugacy 
classes are given by 
(k x “‘“p”“‘) (a,c)=n, a,b,c>O 
and 
Since 4 is SO(3) invariant we can assume 4 takes on the same values for 
{a, 6, c} as for {-a, -b, -c}. So we just count the first of the above 
possibilities twice. This yields (for the sume over these conjugacy classes) 
which of course does not converge. As in all trace formulae for noncompact 
quotient, we must truncate the y, and y, integrals. In order to use this 
paper as a complement to the results in [9, lo] we will make the change 
of variables 
u=Y,lY,* Y = (Y, Y2P2 
and we truncate at l/S < u < S and l/T < y < T. The invariant measure 
then becomes 
$, dzr dy 
UY 
and we can rewrite (4) as 
u>o C>O 
1, 1, i, up1”yA3(ax3 - cx, + b), c~-~u”’ 
> 
dx, dx, dx3 du dy 
u’y’ 
(5) 
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Setting v = 24 ~“2y~3(ax3-ccx1 +6) and integrating out x1 and x2, (5) 
becomes 
Summing over b removes the factor of n from the denominator of the 
integrand. We then set 
II, = cy 3u~!2 
and replace the integral over .r with one over w. This yields (after permut- 
ing some sums and integrals) 
We interchange the inner sum and integral. To do this, first we write the 
integral over w  as the sum 
s := cu1.2T-J 4 (
The sum over c can then be interchanged with each of these, yielding 
u 
> 
dw do du 
-, v, w 
‘u 3u” 
The inside sums are known to be 
and 
lnw-+lnu+3In T+y+o,(l) 
inw-:lnu-31n T+y+o,(l), 
respectively. See [S] for this computation. 
Neglecting the order one terms, (7) then becomes 
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This term is now calculated in enough detail because the sum over a > 0 
and integral over u give precisely the parabolic orbital integrals occurring 
for the function 
in the trace formula for a particular rank 1 reductive group which is 
described in the discussion of Case III. 
A comment on the function 4. One can show that 6 has the following 
properties: 
because 4 is SO(3) invariant. 
(2) 4 is left SO( 2) invariant if SO(2) is mapped into SO(3 ) as 
These properties make 4 a candidate for a point pair invariant on the 
Poincare upper half plane, viewed, if one wishes, as a submanifold of 
X(3, R)/SO(3, R). If we look at GL(2, Z) acting as 
and try to write a trace formula for $, the parabolic term for this formula 
yields integrals of the type & 1, 1, a/u), as in 
This is good enough for our purposes because we will eventually find all 
the terms for both sides of the GL(2, Z) trace formula for 4 and they will 
add up to zero without us having to compute further. 
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Case II. This case consists of all elements with eigenvalues equal to one 
and either a or c = 0. Everything of this form is in turn conjugate to 
where b > 0. For example, if g.c.d. (b, c) = n we can find y E SL(3, Z) such 
that 
y. 
The centralizer of such an element consists of the entire minimal parabolic 
subgroup. Thus the term corresponding to the sum over conjugacy classes 
of these terms is just 
; z. j’ s’ j’ j’ j’ 4(1, l,O, u~1’2y-3b,0) $3. (9) 
,,= l/S y= l/T .x, =0 x2=0 x)=0 
The factor of a occurs because the cube (0 < xi < 1) contains four copies 
of the fundamental region for the minimal parabolic subgroup. Setting 
u = U- l12yp3b and changing the integral with respect to u yields 
Interchanging the sum and integral (see Case 1) then gives 
;-i(2) j= j’ dy 4(1, 1, 0, u, 0)~ dv -. 
a=0 )‘= l/T Y 
Finally, integrating out y, we have 
,u,O)udu. 
(11) 
(12) 
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Case III. This is the case for eigenvalues { - 1, - 1, 1 }. Any element 
with these eigenvalues has Jordan normal form either 
y=(-k -H p) or -;(-,d -i !). 
In the first case, y is elliptic but is not in the second. So Case III breaks 
into two subcases. 
Case IIIA. Here y is elliptic. The elliptic conjugacy classes for 
SL(3, Z) were computed by Joel Anderson and two occur which have this 
Jordan form. They are 
First we do the term containing y, . 
It is easy to see that yr commutes with the entire subgroup, R, of 
SL(3, R) that has elements of the form 
M 0 
0 
i-H 0 0 51 
The fundamental region for this centralizer is just the fundamental domain 
for the action of SL(3, Z) n R on R. So the orbital integral corresponding 
to this term is just 
&-1,-1,&u -‘5-3(-2)(x* - 
4 x,x,), yp3uli2( -2x3)) dR dx, dx, 7, 
Y 
where 9 is a fundamental region for the action of R n SL(3, Z) on 
R n SL( 3, [W)/R n SO( 3, [w ) (13) 
and dR is an invariant measure on the quotient space. Setting 
0 = 24 P”2~P3(-2)(x2-xlx3) and w=~-~u~‘*(-~x~) yields 
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Integrating out y gives 
Note that, as in Case I, the integrals equal the orbital integral in 
R n X(3, R) for the function 4. 
The situation for yz is more subtle. First we note that $j2 = ay,aP i where 
Note that the X(3, R)-centralizer of -72 consists of all elements of the form 
so that the image under c1 conjugation of the centralizer of yZ is precisely 
those M for which a ~ ‘MU is an integer matrix 
We must have a, 6, c, d integers, ad- bc = f 1 and c E 0 (mod 2) for 
CI -‘IMU to be in SL(3, Z). This leads to a congruence subgroup. Again we 
conjugate y”Z to 
and M becomes 
SELBERG TRACE FORMULA 11 
The integral for yz then becomes 
(i) i:‘,J:=-, lyx jLy,c.F2 d+l* -170, 
Id - I/2 .v e3( -2)(x,-.x,x,), v m3u”2( -2x,)) dR dx, dx2 f. (16) 
Note that this is the same computation as for (15) and yields 
where 4 is the fundamental region for the action of the p = 2 congruence 
subgroup in R n X(3, Z). So (15) and (17) together give the orbital 
integral for R n X(3, IR) of 
A computation shows that [Z? r,(2)] = 3 and so Vol4 = 3 Vol8. Thus 
the total contribution for these two terms is 
21n ~[~Vol9+~Vo19] f$-l,-l,O)=ln rVol9&-L--1,0). 
Case IIIB. Tedious matrix multiplication shows that everything 
covered by this case is conjugate to one of the following three forms: 
?(-s -; ;>. :.=(-; g, 
-1 a 0 
Y3 = ( > o-1 1 0 0 1 
Furthermore for y, we can take a > 0. The centralizers of these elements are 
all of the form 
(‘i k! s) fory, or (i % s> fory,andy, 
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and the sign change along the diagonal divides the fundamental domain in 
half for the y r case. So for y1 we have 
u-1’2y-3(-2(x,x3-x2)+ax3),~~-3u1’2(-2x3) 
> 
dx, dx,dx, 
which, after suitable changes of variables, gives 
I.(-~,~~(-l,-l,-t)$d~~,. (19) 
This is part of the desired lower rank orbital integral. Two more halves are 
given by y2 and y3. 
Thus the total contribution for Case IIIB is 
0 i 21n T 1 Jusz,,s$( -l.-l,-i)$. a>0 (20) 
We now summarize the results of this paper. Every parabolic term con- 
sidered here either reduces to an orbital integral of 6 over an appropriate 
region in the quotient space of the reductive group described in (13) or not. 
A few orbital integrals for the rank 1 group are conspicuously missing, 
namely 
Any final discussion of the trace formula will have to account for these 
terms. 
Most terms do occur, however, and they are given in formulas (8) (15) 
and (17), with a remainder term described there, and (20). Together these 
terms account for the identity term in R n X(3, Z) and all parabolic terms 
in (13) except those just described in (21). 
In addition to these lower rank objects there are two “remainder terms” 
described in (12) and just after (17). These terms do not surprise us 
because part of the spectrum for SL(3, Z) includes a “lower rank” 
Eisenstein series which cannot reduce to an Eisenstein series for 
R n SL( 3, Z). 
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